TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 347, Number 2, February 1995

THE RELATIVE BURNSIDE MODULE AND THE STABLE MAPS
BETWEEN CLASSIFYING SPACES OF COMPACT LIE GROUPS

NORIHIKO MINAMI

Dedicated to Professor Hirosi Toda

ABSTRACT. Tom Dieck’s Burnside ring of compact Lie groups is generalized to
the relative case: For any G> N, a compact Lie group and its normal sub-
group A(Gv N) is defined to be an appropriate set of the equivalence classes of
compact G-ENR’s with free N-action, in such a way that v : A(Gp> N) ~
ng/N(SO; B(N, G):), where B(N, G) is the classifying space of principal
(N, G)-bundle. Under the “product” situation, i.e. G = F x K, N =K,
A(F x K > K) is also denoted by A(F, K), as it turns out to be the usual
A(F, K) when both F.and K are finite. Then a couple of applications are
given to the study of stable maps between classifying spaces of compact Lie
groups: a conceptual proof of Feshbach’s double coset formula, and a density
theorem on the map a : A(L, H), — {BL., BH,}, for any compact Lie
groups L, K when p is odd. (Some restriction is applied to L when p=2.)
This latter result may be regarded as the pushout of Feshbach’s density theorem
and the theorem of May-Snaith-Zelewski, over the celebrated Carlsson solution
of Segal’s Burnside ring conjecture.

0. INTRODUCTION

Even before the arrival of Carlsson’s celebrated paper [C], the Segal conjec-
ture for finite groups was known to imply the complete calculation of the stable
maps between classifying spaces of finite groups [AGM], [LMM].

More recently, Snaith [S2] got interested in the stable maps between clas-
sifying spaces of compact Lie groups, while studying his “Explicit Brauer In-
duction”problem (see [S2], which is a nice reference on this topic). Snaith’s
research led to the further generalization of the Segal conjecture by [MSZ]:

Theorem A [MSZ)]. Let F and J be finite groups and let K be a compact Lie
group. Then o induces the isomorphism

«a A(F X J, K);\(J,F)(J) — {BFJ+, BFK+}F,

where A(F x J, K) is the Grothendieck A(F x J)-module of principal (F x
J, K)-bundles over finite (F x J)-sets, and (?);‘( JiFxJ) IS the completion of
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A(F x J)-module (?) at the ideal I(J; F x J) of elements of A(F x J) which
restrict trivially to A(H) forall H C F x J such that HNJ = {e}.

For the notation of the equivariant bundle, see the beginning of §2. When
F = {e}, this result gives the complete calculation of the stable maps from
the classifying space of a finite group to the classifying space of a compact Lie
group.

But, as soon as we allow the source to be the classifying space of a general
compact Lie group, the situation becomes quite complicated: In the Segal con-
jecture situation, it has been known that the augmentation ideal does not work
[M1] in general. The best positive answer was supplied by M. Feshbach [F2]:

Theorem B (Feshbach’s density theorem [F2], [B]). Let G be a compact Lie
group. Suppose T is a maximal torus of dimension n and let W = NgG/T.
Then the map
a: A(G) — nd(BG,)

has a dense image with respect to the skeletal filtration of the target at all odd
prime p (i.e. when p-adically completed). Let p : W — Gl(n, Z) be a repre-
sentation which gives rise to the action of W on T =~ R"/Z". Then the Segal
conjecture holds at 2 if p does not originate at a generalized quaternion group of
order 2", n > 4. In particular the conjecture holds if n < 8 or if no subquotient
of W is isomorphic to the quaternion group of order 16.

Meanwhile, the surprising paper of S. Bauer [B] found a counterexample to
the 2-primary density conjecture (we were told that a preprint version of [F2]
suggested a more complicated possible counterexample). Therefore, Feshbach’s
assumption in Theorem B turned out to be quite essential.

Now the purpose of this paper is to “relativise” tom Dieck’s Burnside ring
of compact Lie groups and apply it to the study of the stable maps between the
classifying spaces of general compact Lie groups:

Let G> N be a compact Lie group and its normal subgroup. Then

A(Gv> N)

is defined to be an appropriate set of the equivalence classes of compact G-
ENR’s with free N-action, in such a way that

(1) A(Gv>{e}) = A(G), tom Dieck’s Burnside ring of compact Lie group
G [D]

(2) Inthe “product”case,i.e. G = LxK, N =K, then A(LxKb>K) is also
denoted by A(L, K). This is because, when F is finite, A(F x K> K)
turns out to be the Grothendieck A(F)-module of principal (F, K)-
bundles over finite F-sets, which was denoted by A(F, K) in [MSZ].

(3)

w:AG>N) ~ n%/N(SO; B(N, G)4),
where B(N, G) is the classifying space of principal (N, G)-bundle (see
§2 for the definition).

We have a couple of applications of the relative Burnside modules to the
study of the stable maps between classifying spaces of compact Lie groups. The
first is the compatibility of the pairings:

This result immediately gives a conceptual proof of Feshbach’s double coset
formula [F1] and explains the mysterious similarity between Feshbach’s double
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coset formula and the product formula of tom Dieck’s Burnside ring of compact
Lie groups. Our second application concerns the density problem of the stable
maps between the (nonequivariant) classifying spaces of compact Lie groups. In
this case, as the skeletal filtration does not give a compact topology in general,
the right question to ask is: When L and K are compact Lie groups, does the
composite

AL, H) > {BL,, BH,} > im {BLY", BH,}};;,,

n

hfzve a dense image? Here BL™ s the n-skeleton of BL and A}, =

lim 4/Bl<co A/B is the profinite completion of an abelian group A. Now such

a problem can be easily reduced to the p-primary cases (see Appendix Local-
Global), and our main result states

Theorem 3.9. Let L and H be compact Lie groups. Then
o) t A(L, H)) — {BLy, BH,})

has a dense image with respect to the skeletal filtration of the target, if L satisfies
the assumption of the Feshbach density theorem, i.e. if either one of the following
two conditions holds:

(1) p is odd.

2 p=2and p:11 - Gl(n,Z), given by the Weyl group action on
the maximal torus, does not originate at a generalized quaternion group of order
2" . n > 4. More generally, if all the irreducible QIT'-summands in the IT'-action
on T* ® Q remain irreducible after the 2-adic completion for any 2-subgroup
I c W. In particular, this condition is satisfied, if n < 8 or if no subquotient of
W is isomorphic to the quaternion group of order 16. Here Il is the 2-Sylow
subgroup of the Weyl group of L and T is a maximal torus of L.

Of course, this result can be thought of as a pushout of the aforementioned
two theorems of [MSZ] and [F2]. In fact, our proof uses [MSZ] and generalizes
the basic idea of [B] (which simplified Feshbach’s proof [F2]). But, it should be
pointed out that the full generality of the relative Burnside module, i.e. that of
non “product”case, was needed to prove Theorem 3.10, which is a “product”case
result.

Now, as is shown in the Appendix, Carlsson’s affirmative solution of the
Segal conjecture [C] and its various generalizations [N], [F2], [MSZ] reduce
the density problem of A(P, K) — {BP;, BK,} to a problem, which involves
only relative Burnside modules of p-toral (i.e. an extension of a torus by a finite

D-group) groups:

Reduction. Let P and K be maximal p-tori of compact Lie groups L and H ,
respectively. Then the map

o)t A(L, H)) — {BL,, BH,})
has a dense image with respect to the skeletal filtration of the target, if

A(P, K)) — lim A(F,, K))

n
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has a dense image, where finite p-subgroups F, ’s of P form the following com-
mutative diagram:

] —— T  — P T .1 1

o °l H

tef _ def. .
| —— T € FuN T = (Z/p®) —— Fo = lim F, )} 1

d ‘| |

1 —— F,NT = (Z/p") _ F, LA 1.

Here n : P — I1 is the projection to the finite group of connected components (as
P is p-toral 11 should be a finite p-group), the left-upper map (Z/p>)" — T is
the inclusion of the subset consisting of all p-power order elements, and any two
such F., ’s are conjugate to each other in P.

This paper is organized as follows:

In §1, we define A(G>N) and various functors between the relative Burnside
modules.

In §2, we begin with the isomorphism

w:AL,K)~n)(S; B.K,),
and then we define
a: A(F x J, K)jiy.pxs = {BFJe, BFK }r

for general compact Lie groups. Then we state and prove Theorem 2.3, the
“universal-double coset formula.”

In §3, we prove our main theorem by verifying the condition in the aforemen-
tioned Reduction. Our proof strongly depends upon our study of the general
(not necessarily “product”) relative Burnside modules and greatly influenced by
Bauer’s [B] simplified proof of Feshbach’s density theorem [F2].

In Appendix, we prove Reduction. Here we also show how the profinite den-
sity problem (which was stated just before Theorem 3.9. in this introduction)
is reduced to the p-primary situations.

For more on the related and background material, we refer our survey paper
[LM2].

The author would like to express his gratitude to Ralph Cohen for his sugges-
tion to write the survey paper [LM2], which motivated the author to write this
up. He also thanks Bill Richter for his generous TeX-nical assistance. He also
appreciates Haynes Miller and Stewart Priddy for urging the author to write
this paper up. Peter May sent the author lots of preprints which were helpful
during the preparation of this paper. The author thanks the referee and Mark
Feshbach for carefully reading the preliminary version of this paper and giving
him many invaluable suggestions. Finally, the author expresses his gratitude to
Masahiro Sugawara for his encouragement.

Notation. Given amap f: X — Y, its image is denoted by either one of

ImX = f(X)={f(x)[xeX}
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Go> N and N <G means N is a normal subgroup of G, and
NK={geG|g'Kg=K},
CsK={geG|gk=kgforanykeK},

as usual.
When X is a G-space, then for any x € X and a subgroup H C G,

Gy ={glg-x=x},

Xu = {x|Gx = H},
Xy = {x|Gx is conjugate to H in G},
X" = {x|h-x = x for any h € H}.

Furthermore,
{4, B} = n%(4, B)

stands for the (abelian) group of G stable homotopy classes from a G-spectrum
A to a G-spectrum B.

1. A(Gp> N) AND ITS PROPERTIES

Let G be a compact Lie group and let N be a normal closed subgroup of G.
Then we define A(G>N) to be the set of equivalence classes of compact G-ENR
(for general properties of G-ENR, see [J], [Dol], [D2]) with a free N-action
under the equivalence relation

X ~Y < x(XS/NyS) = x(YS/NyS) forany SCG,

where NyS = NgSN N acts freely on XS and Y$ (recall N acts freely on
both X and Y ) so that the following diagrams commute:

NySx XS —— XS NySxYS —, ¥S

l L !

GxX —— X GxY —— Y

Note that A(Gv>{e}) = A(G), tom Dieck’s Burnside ring of compact Lie group
G [D]. We define C/(G> N) to be the set of the conjugacy (by elements of
G ) classes of closed subgroups (H) such that Ng(HN)/HN = Ng/n(HN/N)
is finite and H N N = {e}. In the “product”case, i.e. when G = L x K
and N = K, we write A(L, K) = A(Gv> N). Now given H C L a closed
subgroup and ¢ : H — K a homomorphism, we put (H, ¢) = {(m, ¢(m)) €
LxK|meH}, aclosed subgroup of L x K. Then we immediately see that
C/(LxKvK)=C/(L,K), the set of the conjugacy (by elements of L x K )
classes of those (H, ¢) such that (N H)/H is finite.

We will get a complete description of A(G > N) (Theorem 1.2). For this
purpose we provide an elementary lemma which enables us to deal with Euler

characteristic of fixed-point sets and quotient spaces. Here and after, F -5
E 2, B is said to be a G-fiber bundle, if it is a locally G-trivial (i.e. locally a
product as G-spaces) fiber bundle such that both i and p are G-equivariant.
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Lemma 1.1.

(i) Let F — E — B is a G-fiber bundle such that a closed normal subgroup
N <G acts trivially on B, then FN — EN — B is a G/N- fiber bundle.

(ii) Let F — E — B is a G-fiber bundle such that G acts trivially on B,
then F/G — E/G — B is a fiber bundle.

Proof. Both can be checked easily using the local triviality. O

Theorem 1.2. A(G>N) is a free abelian group with basis [G/H) for each (H) €
C/(Gv N). For any compact G-manifolds X with free N-action,

[X]=)_ x(Xx)/G)G/H] € A(G»> N),
(H)
where (H) runs over C/(Gv N).

Proof. (See 5.4.4 of [D].) The addition is given by the disjoint union, and the
inverse is given by

-[X]=[X x K],
where K is a compact G-ENR with trivial action such that y(K) = —1. (Note
that X x K is a free N space since X is so.) We want to express any [X], an
element of 4(G> N), by elements of the form [G/H] with (H) € C/(G» N).

We first note that any isotropy type of X is of the desired form (H) such that
H N N = {e}. So by the additivity of the Euler-characteristic, we have

X(XS/NyS) = >, Xe(XGny/NNS)
(H) such that HNN={e}

where x. is the Euler characteristic with respect to the homology with compact
support. Now recall the fiber bundle:

G/H - X(H) - X(H)/G.

We apply Lemma 1.1 in two ways: firstly Lemma 1.1(i) for S<NgS C G to the
above bundle; secondly Lemma 1.1(ii) for NyS C NgS to the bundle obtained
by the first step. Then, we have the following fiber bundle:

(G/H)|NyS — X5y /NNS — X/ G.
From this, we get
Xe(XS0)/NyS) = x ((G/H)® INnS) 2e(X i)/ G)-
Thus, in A(Gv N)
[X]= > Xc(X(m)/G)[G/H],

(H) such that HNN={e}

where the summation is over finite terms because (a compact) G-ENR has only
finitely many orbit types [J]. Now we should prove a couple of claims: (a)
[G/H] =0 if Ng(HN)/HN is not finite; (b) [G/H]’s with (N¢HN)/HN finite
are linearly independent.
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For (a), it is sufficient to show x ((G/H)S/NyS) = 0 for any closed sub-
group S C G. For this purpose, we study isotropy subgroups of (G/H)S/NyS,
regarded as a compact NgH-ENR under the usual action:

(NgH) x {(G/H)S[NyS} — (G/H)|NyS,
(n, NySgH) — NySgn~'H.
If n € NgH is contained in the isotropy group at NySgH , we get
NnSgH = NySgn™'H

< (g7'NnSg)H = (¢7'NySg)n™'H

< n"le (g 'NySg)(H).
Since n € NgH, this implies that the isotropy group at NySgH is

(§7'NnSg)(H) N NGH.

Therefore, from the additivity of the Euler characteristic, we only have to show

X(NGH/(g"'NySg)H N NgH) =0,

for any g € G. Actually, as (g~ !NySg)HN NgH Cc HNNNgH < NgH, it
is sufficient to show that the compact Lie group NgH/NH N NgH is not finite
(then there would be a free S! action on NgH/(g"'NySg)H N NgH ). To see
this, look at the fiber bundle

NgH/HN 0 NgH — Ng(HN)/HN — Ng(HN)/(NgH)(HN).

~ (Note: This is a fiber bundle because (NgH)(HN) is a subgroup and N¢H/HN
N NgH = (NgH)(HN)/HN, for NGH C Ng(HN). ) Then we immediately
find out that the base space Ng(HN)/(NgH)(HN) is finite since NgH D
Cg(HN). On the other hand, the total space (NgH)(HN)/HN is not finite
from the assumption. Therefore the fiber NgH/NH N NgH is not finite, as
required.
For (b), we first note that
(G/H)H /NyH = NyH\NgH/H
~ NgH/H(NyH) = NgH/HN N NgH

is finite when (NgHN)/HN is finite, by the preceding argument for (a). This,
in particular, implies that x ((G/H)# /NyH) # 0. Now suppose [G/H]’s, with
NgH/HN finite, are linearly dependent and we have a nontrivial linear relation

0= > amlG/H] € A(G>N).
(H)EC/(G>N)

Then, by taking (H') to be maximal among those such that ay) # 0, we get
0= ((X aun[G/H)™ INyH')
= a(H')X (G/HI)H’/NNH/) .

However, this is a contradiction, since the last term is nonzero since a(y+) # 0
and the above remark. This is a contradiction. 0O
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Remark 1.3. For each (S) € C/(Gv> N), we define the homomorphism
x5 :A(GoN) > Z

by
[X]— X(X®/NyS).

Then these completely characterize A(Gv> N) :

> X
A(G > N) (S)ECf(G N)

is injective. (Of course, such invariants were used to define 4A(G > N), but
here we restrict our attention to those (S) € C/(Gv> N).) In fact, for any
Y yecrGon) UilG/Hil € A(G> N), take H; to be maximal among those such
that u; # 0. Then

2 (S lG/H) = NG, [HN 0 Vo1 | 0,

Of course, when N = {e}, this is well known [tD].
Next we define various transformations:

[secrGom Z

Definition 1.4. (1) Let G D H D N be a chain of compact Lie groups such that
G N. Then define

Res? : A(G> N) — A(Ho N)
by restricting the G action to the H action. When G = L x K, H =P x
K, N =K, thisis also denoted by

Ress: A(L, K) — A(P, K)

for simplicity.

(2) Let N; and N, be closed normal subgroups of G such that Ny N N, =
{e}. Then the canonical quotient map n : G — G/N| restricts to the isomor-
phism 7 |N2: N, — N/N; NNy = N,N;/N,. We define

n* : A(G/N; > NaNi/N;) — A(G v Ny)

by regarding a compact G/N;-ENR with a free N,N;/N; action X as a com-
pact G-ENR with a free N, action through 7.

(3) Let Ny and N, be closed normal subgroup of a compact Lie group G
such that N; O N,. Then define

/N2 : A(G> Ny) — A(G/Ny> Ny /Ny)

by /N>([C]) = [X/N,].
(4) Let G> N be a compact Lie group and its closed normal subgroup. Let
H be a closed subgroup of G. Then define

Ind$; : A(H> HN N) — A(Go N)

by Indg([X])=[GxHX]. When G=LxK, H=PxK, N=K, thisis
also denoted by
Inds: AP, K) — A(L, K)
for simplicity.
(5) Let N be a closed normal subgroup of G, which is a closed subgroup of
the product of compact Lie groups G, x G,. In other words, N <G C G| x G,.
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Assume furthermore that Imp,|, C Ny, Kerp;|, S N2, where p; : Gix G, —
G, is the projection. Then we define the external product
& : A(Gy> Np) ® A(G,> N;) — A(Gv> N)
by & ([Xi]® [X2]) = [X x X3].
(6) Let F, K;, K;, K3 be compact Lie groups. Then define the composi-
tion product

% :A(F xK;, K))® A(F x K, K3) —» A(F x K, K3)
by Z([X1] x [X2]) = [X} xk, X2).
Of course, we have to show the well-definedness of these transformations.
(1) Well-definedness of ResS; . This is trivial from our definition. O

(2) Well-definedness of mn* . For this, we use Theorem 1.2: We show for any
(H) € C/(G> N,) and a compact G/N,-ENR with a free N,N;/N; action X,
when regarded as a compact G-ENR, x(X(x)/G) is completely determined by
[X] € A(G/N, > N,N;/N;). But this is trivial, because any isotropy subgroup
H at an arbitrary point in X contains N; and Xu)/G = Xy, /(G/Ny)
whenever the left side is nonempty. O

(3) Well-definedness of /N, . Just as in the proof of the well-definedness of
(2), this follows from Theorem 1.2 and an observation that
(X/No) g, [ (G/Ny) = 1 Xu)/G,
(H')ECf(GDN]) s.t. (H'Nz/N2)=(ﬁ)€Cf(G/N2[>N1/Nz)
where X is a compact G-ENR with a free N;-action (so the right-hand side is
a finite disjoint union). O
To show the well-definedness of Indf, , we need the following lemma:

Lemma 1.5. Let G be a compact Lie group and let H and K be its closed
subgroups. Then there is an isomorphism of finite sets

(G/HYX/NoK = i7!((K)), with gH — (K¥) € C(H),

where i : C(H) — C(G) is the map between the set of the conjugacy classes of
H and G, induced by the inclusion H C G.

Proof. (G/H)X/NgK is always finite by p. 87 of [Br]. The isomorphism follows
from

(K&) = (K#) e C(H)
< K& = K&" for some h ¢ H
<= NgKg, = NgK g:h for some h € H and g, H € (G/H)X
< &1 H=gH e (G/H)*/NK,
where the second <= follows from a sequence of equivalences:
KECHo KgH=gH o gHe (G/H)X. O

(4) Well-definedness of Indg. Let X be a compact H-ENR with a free
H N N action. Then it is easy to see that

GxuX)g= |l Gxu&xn
(K")€i=1((K))
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whenever the left side is nonempty, where i : C(H) — C(G) is the map between
the sets of conjugacy classes induced by the inclusion H C G. From this, we
first observe that G xy X restricts to a free N action if X has a free HN N
action (since it would imply only those K’ such that {¢} = K'nHNN = K'NN

show up). Next, we use this to show that . ((G o X))/ G) , with (K) €

C/(G>N), is completely determined by [X] € A(H>HNN); this would prove
the well-definedness by Theorem 1.2. But, notice that

Xe ((G xH X)) /G) = Z e ((G xn (X(x1)) /G)

(K€ ((K))
= Y xXxn/H),
(K)Eim 1 ((K)

where (K') € C/(H>HNN) because (K) € C/(G>N) and Ny(K'H)/K'N C
Ng(K'H)/K'N S Ng(KN)/KN, and we used Lemma 1.5 to guarantee that
the sum is a finite sum (or, we could have used the fact that G xy X is a
compact G-ENR when X is a compact H-ENR). Those . (Xx)/H) with

(K'Y € C/(Hb> HN N) can be read off from the basis expression of [X] €
A(Hv> HnN N)). This proves the well-definedness. O

(5) Well-definedness of & . From the assumption on N, we have a short
exact sequence
1 = NnanyS — NyS — pi (NaS) — 1

for any closed subgroup S C G. Then, as N acts freely on X; x X, for a
compact G;-ENR X; with a free N; action (i =1, 2), we get a fiber bundle

X2 [ Nyopy S — XD x X248 I Nys — X2 /p, (NyS).
From this, we get
1 (X0 x %)% /NS = 1 (X0 o1 (Ne$)) 2 (X8 [ Nyow,S)
=X (Xf'(s)/NN.Pl (S)) - X (Nn,p1 (S) /1 (NNS))
1 (X5 /N2 (9)) - X (Nwsp2 (S) /NwowsS)

which exhibits the well-definedness of & by the definition of the relative Burn-
side module. O

(6) Well-definedness of €. Let AF Cc F x F and AK; C K; x K; be
the diagonal subgroups. Then the claim follows from an observation that &
factorize as

A(F x Ky, K2) ® A(F x Ky, K3) 5 A(AF x Ky, AK; x K3)
125 J(AF x Ky, K3) = A(F x K1, K3). O
To conclude this section, we record two multiplicative properties of the rela-

tive Burnside modules, both of which generalize the multiplicative structure of
tom Dieck’s Burnside ring.
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Theorem 1.6. (1) A(G> N) is an A(G/N)-module, with respect to the action

& :A(G/N)® A(Gp N) — A(Gv> N)
[Y]e[X]—[Y x X]

where Y is a compact G/N-ENR and X is a compact G-ENR with a free
N-action.

(2) When A is abelian, A(L, A) becomes an A(L)-algebra, with respect to
the product

Pi.AL,A)@ AL, A) — A(L, A)

by Z(IX1®[Y])) = [X x Y/ ~], where (x1,y1) ~ (x2,y2) < 3a €
Ast (x1,y1)=(x2-a,y2-a™").
Proof. (1) We only have to check the well-definedness of &/ . But & is a special

case of € by embedding G ¢ G x G N diagonally. Another approach is to
notice '

1 (¥ x X% /NyS) = 2 (YN (X5 /NwS)

for any closed subgroup S C G.

(2) Let A’ be aleft 4 x A and free right 4 action s.t. (a; xa;)-a’-a =
aiaxa’a. Notice that this is a well-defined action because A is abelian. Then
the well-definedness of # follows from the factorization of Z# as

AL, A)® A(L, A) Z5 A(AL, A x 4) 24D, (AL, 4),

where the second map is the composition with [4'] € A(4 x A, A). Then the
associativity of & follows from that of 4, and the identity element is given
by [A4], with the trivial left L and the product (free) right 4 action. O

2. A(G> N) AND THE EQUIVARIANT STABLE HOMOTOPY THEORY

Let Go N be a compact Lie group and its normal subgroup as usual. We now
recall the classifying space of the equivariant bundles. The general reference
would be [LM][Ma].

Let E(N, G) be a universal N-free G space; the G-homotopy type of
E(N, G) is characterized by the requirement that (E(N, G))¥ be contractible
if HNN = {e} and empty otherwise. We then put B(N, G) = (E(N, G))/N,
which is a classifying space of principal (N, G)-bundle (which is defined to
be the projection of a N-free G-space to its N-orbits). In the “product”case,
iie. when G=L x K and N = K, we write E.K = E(N, G) and B.K =
B(N, G). We warn the reader that this notation is different from the more stan-
dard notation of the so-called (I", G)-bundle, i.e. I'-equivariant G-principal
bundle [D2]. This corresponds to the product case in our setting, and B(I", G)
= BrG, where B(I', G) is the notation used in [D2] and not the one used
here.

When A is abelian, By A becomes of Hopf- L space with respect to the
L-map

By(m):BrAx BiA= B;(Ax A) — B A,

where the product map m : 4 x 4 — A is a homomorphism because A is
abelian (see [LMSe]).



472 NORIHIKO MINAMI

For a given compact G-manifold X with a free N-action, we have a G/N-
fiber bundle X/N — point, from which we get the transfer stable G/N-map

S - X/N,.

On the other hand, the principal (N, G)-bundle X — X/N is classified by a
G/N-map
X/N — B(N, G).

Composing these, we get the stable G/N-map
S% = B(N, G),.

We call this w(X). We could construct ¢(X) for a general compact G-ENR
with a free N-action X, as was shown in [D2], [Do2], [Do3].

Proposition 2.1. y(X) € ng/N(SO; B(N, G),) only depends upon [X] €
A(G> N), and ¢ induces the A(G/N)(= 7:06/1\,(S0 , SO))-module isomorphism:
w:A(G> N)=agy(S°; BN, G),).

In particular, we have the A(L)(% n)(S°, §°))-module isomorphism
w: AL, K)=n)(S°; B.K,)

for the “product’case. Furthermore, when K is abelian, this is an isomorphism
of A(L)-algebras, where the multiplicative structure of the target is induced from
the Hopf- L structure of B K.

Proof. This follows from Theorem 1.2, Theorem 1.6, V.9.3 of [LMS], and The-
orem 10 of [LMM]. O

Now we work with the “product”case and let L = F xJ, where F is a finite
group. For a given compact (F x J) x K-manifold X with a free K-action, we
can define another kind of a stable map. From the F-fiber bundle

(EFJ x; X)/K ~ EpJ x; (X/K) - EpJ|J ~BrJ,
we obtain the transfer stable F-map [LMS, IV§3]
BrJ, — (ErJ x5 X)/K,.
On the other hand, the principal (K, K x F)-bundle
ErJ x; X - (EpJ x5 X)/K
is classified by the classifying F-map
(EFJ x5y X)/K — BrK.
Now, composing the transfer and the classifying map, we get the F-map
a(X) : BpJ, — BrK,.

The significance of o and the relationship between a and y are given by the
following interpretation:
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Theorem 2.2. The above correspondence factors through A(F x J, K), and the
induced correspondence

a:A(FxJ, K) - {BFJ+’BFK+}F

can be thought as the composition of v : A(F x J, K) ~ 1% ,(S%; BrxsKy)
and the Oth term of the following composition

M5 s (S BrxyKy) = mpy s (EpJy s BrxyKy)
- n;‘xJ(EFJ+; BFK+) — n;:(BFJ+; BrK.,).

Here the first map is induced by the projection ErJ — point, the second map is
induced by Br«jK ~ By K — BsK ~ BrK, where &' is the family of closed
subgroups M C F x J x K such that M N K = {e}, & is the family of closed
subgroups M C F x J x K such that MJNKJ = J, and Bs — Bg is induced
by the inclusion of the families &' — ®. (See the discussion after Theorem 2.3
of [MSZ].)

Proof. This follows from the definitions of ¥ and o, Proposition 2.1, and the
definition of the transfer stable F-map [LMS, IV§3] which used the change of
universe [LMS,II] argument. O

This was originally stated in [MSZ] with respect to their definition of
A(F xJ, K), i.e. the Grothendieck A(F x J)-module of principal (F xJ, K)-
bundle over finite (F x J)-sets. But Theorem 1.2 shows their definition is the
same as ours and our definition of « is now shown to generalize that of [MSZ].
In particular, Theorem A in §0, the main result of [MSZ], is equally valid with
respect to our definitions of A(F x J, K) and a.

Theorem 2.3. The paring & is compatible with the composition of classifying
spaces, i.e. we have the following commutative diagram:

A(F xK\, K))® A(F x Ky, K3)  —2—  A(F x Ky, K3)

a®al al
{BrKi+, BFKy  }r ® {BFKy4, BrK3,}r —— {BrK+, BrKs,}r.

Proof. This compatibility of & with the composition follows from the follow-
ing F x K;-diagram (with the pullback square):

ErK, x ((X x Y)/K;)) - (EFKI x X) x (Y/K3) —ErKj x (Y/K3) — BrKs
Kz Kl KZ K,

K,
| l
ErK, x (X/K3) = (EFK; x X)/K> —  BrK,
1 1
!
BrK,. O

Suppose H and K are closed subgroups of G; let é&(H,G) : BFH, —
BrG. be the F-map induced by the inclusion H — G, and 7(K, G): BFG, —
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BrK, be the stable F-transfer induced by the inclusion K — G. Then The-
orem 2.3 conceptually recovers Feshbach’s double coset formula (whose equi-
variant generalization is due to [LMS]), which expresses the composite

(K, G)¢(H, G): BFH, — BrG, — BrK, .

Corollary 2.4 ([F1], [LMS]).
(K, G)¢(H, G)

= Y X(Gnke e,/ (H x K))eg-S(HNKE, KE)T(HNKE, H)
(HNKe,c,—1))

where the sum corresponds to the following decomposition:

[Gl= > xe(Ganke e,/ (H x K)I(H x K)/(HNKZ, cg1)]
(HOKE ¢, 1))

€ A(H,K),

where G is regarded as a compact H x K-ENR with a free K-action, by its left
H right free K-action.

Proof. It is clear that £(H, G) = a([G]), where this G is considered as a
compact F x H x G-ENR with a free G-action, by the trivial F-action, the
standard left multiplication H-action, and the standard right multiplication
free G-action. Similarly, 7(K, G) = a([G]), where this G is considered as
a compact F x G x K-ENR with a free K-action, by the trivial F-action, the
standard left multiplication G-action, and the standard right multiplication free
K-action.

Then, from Theorem 2. 3 with K; = H, K, = G, K; = K, the composition
(K, G)é(H, G) is given by a([G xg G]), where G xs G is regarded as-a
compact H x K ENR with a free K-action, by the aforementioned left H
right G action on the left factor G and the left G right K action on the
right factor G. But, this is obviously the same as G with the standard left H
right K action, as a compact H x K ENR with a free K-action. Therefore, by
Theorem 1.2,

(K, G)EH, G)

= > xe(Guanks.e, n/(HxK)) o ((H x K)/(HNKE, cg-)]).
((HNKS ;1))

On the other hand, o ([(H x K)/(HN K&, c,-1)]) is easily seen to corre-
spond to the composite of the stable F-maps: BFH, — BF(HNK%); — BrK,,
where the first map is the stable F-transfer 7(H, HNK#) and the second map
is induced by c,-1 : HN K& — K. Of course, this completes the proof. O

3. THE DENSITY OF a: A(L, H) - {BLy, BH,}

In this section, we prove our main theorem. As was explained in the intro-
duction (see Reduction), we only have to show the density of the map between
the relative Burnside modules:

A(P, K)) — lim A(F,, K)j.
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We prove this by “relativising” S. Bauer’s approach to Feshbach’s density
theorem as follows:

(I) Construct a subgroup As(Fw, K) of !lr_n A(Fy,, K) generated by elemnts
[(Foo X K)/(Hx , ¢)] constructed from each subgroup H,, of Foo (=U, Fn )
and a (not necessarily continuous) group homomorphism ¢ : H,, — K.

(I) Show that As(Fw, K) is dense in lim A(F,, K)p.

(III) Show, under our assumption on P, that [(Fo X K)/(Hw , ¢)] is “re-
placable” by elements of the form !ln Resf-n([(P x K)/(V, w)]), where V is
a closed subgroup of P.

Step (I): The definitions of [(F., x K)/(Hw, ¢)] and As(F, K). Let F, be
a p-group for each n, and F,, = U,F, as before. Here we do not necessarily
assume that F,, is a dense subgroup of a p-toral subgroup, but we assume
that there is a surjective homomorphism 7zg_ : Foo — II, where II is a fi-
nite p-group such that Kernp_ is abelian. We further assume K is p-toral
and let ngx : K — Z be the canonical quotient homomorphism by the normal
torus. Then for any subgroup H,, C F,, the element [(Fy X K)/(Hw , ¢)] =
I1.(xF,) € g[_nn A(F,, K) is defined by

xg, = lim (Resf[(F) x K)/(Fy N Hoo\, 915 )]) € A(Fn, K),

where the limit is taken in the p-adic completion A(F,, K), (but, still xf, €
A(F,,K)). Then Af(F., K) is defined to be the additive subgroup of
!iLn . A(F,, K) generated by all such elements [(Fo X K)/(Hx , ¢)]. Of course,

we have to justify the definition:
Proposition 3.1. (1) The above element
[(Foo % K)/(Hoo , $)] € lim A(F,, K)

n

is well-defined.

(2) Suppose Fy, is a dense subgroup of a p-toral P such that nr_ : Foo — I1
is the restriction of the canonical quotient (by the maximal torus) map np: P —
I1. Suppose further that there is a closed subgroup H of P and a continuous
homomorphism v : H — K, such that HN F, = Hy, is dense in H and

v/|H°° = ¢. Then
[(Foo X K)/(Hoo , )] = lim Res;, ([(P x K)/(H, y)])

n

We begin with the key lemma:

Key Lemma. Suppose H, K, and N are closed subgroups of a compact Lie
groups' G, suchthat NaNH =G and K C H. Then we have an isomorphism
of compact K manifolds:

N/HNN — G/H,
n(HNN)— nH,
where N/HNN possesses the conjugate K action and G/H possesses the usual
left K action:
KxN/HAN — N/HNN, K xG/H — G/H,
(k, n(HNN)) — knk~'(HNN), (k, gH) — kgH.
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Proof. This is just an easy verification. 0O

This Key Lemma is most effectively used in the following:

Lemma 3.2. (1) Let {I'y},en be an increasing sequence of compact Lie groups
with a common normal subgroup I1 such that T, /11 is a finite p-group for any
n € N. Suppose F is a finite p-subgroup of T'c = U,cnTn Which intersects
trivially with T1. Then for any closed subgroup S of some TI'y,

% ((Ca/F)S/NuS) € 2

converges to an integer (not merely to a p-adic integer) as n goes to oo, with
respect to the p-adic topology on 7.

(2) Under the situation of (1), suppose that there is a p-toral T, containing
I, such that T >I1. Suppose furthermore that the inclusion T'/T1 D I'oo /1 is
one of a locally finite p-subgroup in a p-toral, such that any finite p-subgroup of
I'/I1 is conjugate to a subgroup of T'w/I1. Then

% ((Ca/F)S/NuS) € Z
actually converges to
P ((F/F)S /NHS) e Z.

Proof. (1) Since F is finite, Lemma 1.5 implies that (I',/F)% has finitely
many, say k, Nr_S-orbits. Therefore, for some y; €', i=1,2,...,k,
we can write

(Teo/F)S/NuS = ] (Nr.S)7:F/NuS

1<i<k
= LI (MreS/(F"' 0 N:.S)) /NuS
1<i<k
= 1] (Mr.S/NaS) /(NnS(FYi_'an—wS)/NnS) (.- NuS < Np_S)
1<i<k
=11 li_n)a(Nr"S/NnS)/(NnS(FVr_ ' an-"S)/NnS).
1<i<k n

Note that
Nr.S/NnS (CTs/M)

is a locally finite p-group and NpS(F v Nr..S)/NnS is its subgroup. There-
fore, if

(Nr..S/NuS) / (NuS(F"' 0 Ny, S)/NuS)
is infinite,

lim | (Nr,S/NnS) / (NaS(F'' 0 Ne,$)/NaS) | = 0 € 2

n

with respect to the p-adic topology on Z. This implies that
% ((Ta/F)S /NuS) = |(Ta/ F)S / NuS|
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converges to the sum of those
| (N-.. S/NuS) / (NnS( F7' 0 NeLS) /NnS) |

which are finite. Of course, such a sum is a natural number.
(2) As F is a finite p-group, we may assume that S is also a finite p-group
without any loss of generality. We first prove that the natural map

(Too/F)% [ N, — (T/F)S /NcS

is an isomorphism. Applying Lemma 1.5 repeatedly, we see it is enough to
prove that (I'/T)S/NrS consists of a single element. For this, let T be the
maximal torus of the p-toral I and T, = TNI'w. Then the Key Lemma says
that

(I/Too)® = (T/Tw)S,

where the S-action on (7/T,) is the conjugate action. This right-hand side
shows up in the cohomology long exact sequence:

0 — (Too)S — TS — (T Tso)S -5 H'(S, Top) — -+ ,

where J is the connecting homomorphism. However, J is a null homomor-
phism, because (T/T.)S is a Z[;]-module and H'(S, T) is |S|-torsion (re-
call that S is a finite p-group). Therefore, we find that

TS — (T/Tw)’

is an epimorphism. But, this fact and the Key Lemma (and its proof) implies
that (['/T'w,)S consists of a single CrS orbit. As CrS C NS, this proves
that ([/T'w)S/NrS consists of a single element.

The preceding argument implies that, using y; € I'o (i =1,2,...,k) in
(1) again, we can also write

(TC/F)S/NaS = ] (NFS/NHS)/(NHS(F?F 'nNrS)/NnS).
1<i<k

Therefore, to prove
lim y ((Ca/F)S/NaS) = x ((T/F)S/MaS) ,
n
it suffices to show, for each i,

lim x ((NrnS/NnS) / (NnS(Fyf' N AL, S) /an))

= x ((NcS/NuS) / (NaS(F*" 0 NeS)/NaS) )

where the limit is taken with respect to the p-adic topology. Now, to prove this,
it suffices to show that NS is a p-toral (then, it easily follows that

(Nr..S/NuS) / (NnS(Fyf' N Nr_S) /NnS)
C (NcS/NaS) [ (NS(F?" 1 NeS)/NnS)
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is a dense locally finite p-subgroup of a p-toral and then the claim about Euler
characteristics can be shown as in (1)).

To prove NrS isa p-toral, we only have to show that Nis7)S/S = (S T/S)S

is a p-toral. Now the Key Lemma says this is nothing but (7/Sn T)S , where
the S actionon (7/SNT) is a conjugate one. But such a conjugate invariant
of atorus (T/SNT)=T", say, by a finite p-group S is is easily seen to be
a p-toral. In fact, from the covering homotopy property, there is a short exact
sequence of S modules 0 —» Z" — R" — T" — 0. Then, from the associated
cohomology long exact sequence, we get the following exact sequence:

0— (R")S/(2") — (T")° —» H'(S, Z"),

where H!(S, Z") is an abelian p-group, by the transfer argument, and
(R")S/(Z™)S is a torus. Of course, we could have used the Tate cohomology to
avoid using the covering homotopy property. O

Proof of Proposition 3.1(1). To show the well-definedness of [(FooxK)/(Hx , ¢)]
we prepare the following: Let G., be the subgroup of F, x K, generated by
(Hwo, ¢) and Kermg  x Kermg. Let

Ny = HyoNKerng, N¢~ ! (Kerng),
then N, < H, with a finite p-group quotient

Hoo[Now 2225 np,_(Hoo) x 1k (Hoo) ST x E.

It should be noted that (Hy , ¢) def (Hoo , ¢)/(Noo , ¢ |N°°) ~ H, /N is a finite
p-group, rather than infinite, and is a normal subgroup of G, that intersects
trivially with K.

Then consider the following system of groups and group homomorphisms:

Gn=Goon(Fn><K),

Ny=NoNF,,
an=Gn/(Nn,¢|N")a
K'=KNGy,

pn : G, — G, , the canonical projection,
K’ = poo(K') € Goo -
Since Kerng = KNKerag € KNG, C K and K/Eer MK = E_is finite,
K' = KNG, for any sufficiently large n. For such n, G, contains K’ (& K’)
as a matter of course. With these data, Definition 1.4 enables us to define
py: A(Gy>K') —» A(Gy > K'),
Ind** : 4(Gyo K') — A(Fy x K> K).
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In fact, these form maps between systems of the relative Burnside modules:

! ! !

_ . N Inan-HXK
AGr1 > K7) 2 A(Gpay > K') —2 s A(Fpyy x K> K)
Resg:+ ! l Resg:+l l Resi:‘;' " Kl
. FnxK
AG,>K) —2— AG,pK') —2— A(FyxKbK)
Resg:_ll Resg" l Res XK "l
. Fp_ | XK
AG,_1>K) 225 A(Guo1 b K') —2= s A(Fy_y x K> K)

! ! !

Here the commutativities of the left side squares are trivial to see. But, to
guarantee the commutativities of the right side squares, we needed n to be
sufficiently large so that (Fyy; x K)/Gny1 & (F, x K)/G,. The reason why
(Fn x K)/G, stabilizes can be seen from the diagram:
(Fa xK)/Gn=Fy x K/(Fy x K) N Goo C Foo x K/Goo
« Fo x K/Kernp, x Kerng 2 I1x E, a finite group
More precisely, (F, x K)/G, is non-decreasing and its limit F, x K/Gs is
finite, and so it should stabilize after sufficiently large ».
Now the point is

[(Fx x K)/(Hy, $I1,)] = Ind*% -p;, (G /(H,, 98,1 -

Therefore, to prove the well-definedness of [(FooxK)/(Hw , )] € lim A(F,, K),
we just have to show the well-definedness of

[Goo/(Hoo» $)] € lim A(Gy> KN Gy),
where [Goo/(Hoo, $)] = I1,(¥x) € lim 4(G,>K N G,) is given by
yn = lim (Res? [G,/(H], 9lm)1) € AGn> KNGy,

where the limit is taken in the p-adic completion 4(G,> KNG, ), (but, still
yn € A(G,>K N 'G,). The payoff of considering such a system of non-“product”

relative Burnside modules is that (H.,, ¢) is a finite p-group; then the claim
is an immediate consequence of Lemma 3.2(1) and Remark 1.3.

Proof of Proposition 3.1(2). The idea of the proof is quite similar to that of
(1): Let G be the subgroup of P x K, generated by (H, ) and Kerzp x
Kerng. Let N = HnKernp Ny~ !(Kerng), then N <« H with a finite p-

group quotient H/N X, ., (H) x ng(H) S I x E. It should be noted that

o~ .
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H,y) = def H,v)/(N,y | y) = H/N is a finite p-group, rather than infinite,
and is a normal subgroup of G that intersects trivially with K. Furthermore,
(H, w) = (Hy, ¢) as Hy, is dense in H. We can also form G = G/(N, y ]N

and we put p : G — G to be the canonical quotient map. Notice also that
KNG =K' and (P x K)/G = (F, x K)/G, for sufficiently large n. Both of
these follow from the facts that H,, is dense in G (as H, is dense in H)

and that I1 x £ @ F,, x K/Kerng,_ x Kerng is finite (see the proof of (1)).
For such n, just asin (1), we have the following commutative diagram:

PxK

AGrE) —2 AGrK) 2, A(PxKbvK)

J Resgn l Resinxfk l

FpxK

AGooK}) —2 A(GyoK') —— A(Fy x K> K),

which leads to maps of inverse systems:

csT’m |

—_ —_— - IndPxK
AGrK) L2 —  AGrK) — AP x K> K)
lim, Resg" l li'_r_n,. Resgn l hm,l Resi:fxl
lim, p; lim, Indfr X

lim, 4(G, > K;) —— 1im, 4(G,> K') -, lim, A(F, x K > K).
In this diagram, it is easy to see that
(P x K)/(H, w)] = Indg"* p*([G/TH, ¥))),
[(Feo x K)/(Heo , $)] = limIndf2 ¥ -1im p}, ([Goo /(oo 9)1) -

Therefore, we only have to show that
[Goo/(Hoo» )1 = lim ResZ ([G/TH, ¥)]).
n
But, this is an immediate consequence of Lemma 3.2(2) and Remark 1.3. O

Step (II): A/ (F., K) is dense in lim A(F,, K),. This is proved by the
induction on |I1|, the order of the “connected components”of P : let {I1#},cp
be the set of all the maximal proper subgroups of Il = ng_(F.), and let
F! =n; Fuo '(I1*) N F, be its inverse images. Then define A(F,, K) by the exact
sequence

Duen lnd

P AF, K)

HEA

(Of course, A(F,, K) = A(F,, K), if I1 = {e}.) We note that this sequence is
actually that of systems as we vary n, and so induces

A(F,, K) — A(F,, K) — 0.

B¢ alim, lndg . . N
D lim A(F}, K); = lim A(F,, K); — lim A(F,, K), — 0.
UEA n n n
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Since

(!iLn Ind£}> ([(F& x K)/(HY, , 9)]) = [(Fo x K)/(HY, , ¢)]

n
it suffices to show the density of As(Fw, K) in lim . A(F,, K ): in order to
proceed the inductive argument.
For this purpose, we fix a finite subgroup F C F,, and we will show
Im A/(Feo , K)) = Im lim A(F,, K)p CA(F, K), ,

—_—A

where A(F, K), is non-trivial only when 7f(F) = II. (Recall that ImX
stands for the image of X by some given map.) Our strategy is to construct a

—_A

subgroup S in A(F, K), such that
. —A
Im lim A(F,, K), SImS CIm As(F, K), (S A(F, K),).

(Recall that A/(F , K) is the subgroup of lim A(F,, K) generated by those
[(Foo x K)/(Hwx , ¢)] studied in (I).)
The following lemma is used to define S :

Lemma 3.3. Let F C F, be a subgroup and let H, C F, be a subgroup such
that ng(H,) =I1, together with a group homomorphism ¢ : H, — K. Then,

in A(F, K),
ResE((Fu x K)/(Ha, $)1=p'- > (FxK)/(Hy, ¢3)]
(Hy,$)eELCH

for some nonnegative integer |, where ¢; = ¢ | > Z is the set of the repre-

sentatives (H, ¢) of the F x K conjugacy classes of this form of subgroups in
F x K satisfying np(H) =11, and & is a subset in Z .

Proof. As ng (F,) = ng,_(H,), any K-orbit of F, x K/(H,, ¢) has a repre-

sentative of the form (zy x e)(H,, ¢), where tH € T, o F,NnT, and e is
the identity element (of K, in this setting). Then, when F, x K/(H,, ¢) is
regarded as a compact F x K-ENR, the isotropy subgroup (F x K),xe)(H,, )

is seen to be (F N H,',"_I ,¢-c,) (CF xK), for
(f xk)(to x €)(Hn, ) = (to x €)(Hy, §)
& (f* x k)(Hy, ¢) = (Hy, ¢)
& (f"* x k) e (H,, ¢)
& f“ € H, and k = ¢(f")
& feHY andk = ¢ c(f)
-1
& (fxk)e(HY ,¢-cy).
We want to know when two such isotropy subgroups, which survive in A(F, K),
-1
are conjugate in F x K. As (F N H,t,o , @« cp) survives in A(F, K) iff

-1
nr (FN Hy? ) =mng, (F)=1II, we note that two such are conjugate in F x K
iff they are conjugate in (F N T) x K. Now we are going to show the following
claim in several steps:
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Sublemma 1. (F X K)(loxe)(Hn,¢) and (F X K)(txe)(H,,,qS) are conjugate in
(FNT)xK ifandonly if t e tocW(FNT).

-1
As a first step, we consider the problem: Given ¢y € T, s.t. ng_(F nH,',O )=
I1, determine all of those ¢t € T, s.t.

((F X K) tyxe)(Ha,4)

for some f € (FNT) and k € K. Expressing these isotropy subgroups explic-
itly, this equality is nothing but the commutativity of the following diagram.

(fxk)
) = (F x K)(txe)(H,,,¢) s

c
1

—1
FNHY >  FonH, —* . K

(*) glc/ glck

FnH' —%— FinH, —*- K.

S

R

As ¢ - cre Cto_'(x) — xto—lft — xto_ltf,
(¥) commutes < ¢ (x’JI’f) = ¢(x)k

& ¢ (x5") B(x)" = px)ke(x)™!

& ¢( tg‘tf)_1 (x (zg‘tf))) = k! (W)k).

Of course, the problem here is that ¢ is defined only on H,, not on the whole
T, =F,NT where t;'tf belongs. (Otherwise, just put k = ¢(t5'tf).)
Now, we wish to study the both sides of the last equality more closely:

(i) The map x — ¢ ((zo‘lzf)“ (x (to‘ltf))>

We begin by claiming that the map
FonH, —H,NT,

x e () (< (50))

F°nH, »F°nH,/FeNnH,NT =N —H,NT,
x e x (F°nH,NT) »—»(tg‘tf)_l(x(tg‘tf)).

This is simply because both Fo N H, N T and ¢; 'tf are contained in the
abelian group T,. Now, notice that this map from II to H, N T is a cocycle
in the sense of Galois cohomology (cf. [S]). Then the obvious question here
is where does 7 tf belong in order that the left side part of the diagram (x)
to be well-defined. The answer is f; tf € Nr,(H,). This is because #; tf €
Cr,(Hy) (for T is abelian), c,i,, : F°n H, =, F'n H, (see (%)), and

n,(Fo N Hy) = g, (F' N Hy,) = ng, (Hy,). Conversely, if t;'tf € Nr,(Hy),

factors through as
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then we can recover the isomorphism TR F N H, = F'nH,, since
Cto"tf(H") = H, and cto_ltf(F’O) = C,O—'ﬂ(F“’) = F'. Therefore, the necessarily
and sufficient condition for the left side part of the diagram () to be well-

defined is ¢ 'tf € Nr,(H,), as we claimed. Using the terminology of the
Galois cohomology (cf. [S]), these data indicate that the map

= F°nH,/F°nH,NT — H,NT — ¢H,NT) S K

x(FonH,NT) - (to"ltf)_l (*(5'tf)) — ¢ ((to"ltf)_1 (* (fEItf)))

is a cocycle and its cohomologous class is nothing but the image of #; 1f e
Nr,(H,) under the composite

Nr,(Hy) - (To/H, 0 T)" % HY(IT, H, N T,)) & H'Y(I1, $(H, N Tp)),

where the first map is the obvious one (recall ng (H,) =1II), J is the connect-
ing homomorphism, and ¢, is induced by ¢ which is Il-equivariant as ¢ is
defined on the whole H, (again, recall ng,_(H,)=1II).

(il) The map x — k=' (*™k)

Notice that this map has a form of a coboundary in the sense of the non-
abelian Galois cohomology (see [S]). But the obvious question here is where
does k belong so that the diagram (*) commutes. We claim the answer is
k€ Cx(¢(FNH,NT)). Actually, this immediately follows from the fact that

. . . _1
the left side part composite map in (x): x — ¢ ((to‘ltf) (" (tg‘tf)))
factors through I1= Fon H,/ F°NH,NT, as was discussed in the previous
paragraph (here we used FoNH,NT=FNH,NT).
Having studied these maps in (i) and (ii) using the Galois cohomology, we
denote the kernel of the composite :
Nz, (Hn) - (Tn/Hn 0 )" & HY(T1, Hy 0 T)
1 &«
H'(T1, $(Hn 0 Tn)) — H' (I, ¢ (Cx (F N Hn N Tn)))
by W. We warn the reader that W might not be a group, as
H' (1, Cx (¢ (F N Hy N Tp)))
is merely a set, the nonabelian Galois cohomology (notice that
Ck (¢ (FNH,NTy))

is not necessarily abelian). But we do emphasize that it does not depend upon
fo (this is actually the key to our proof). Then combining those analyses of
the two composites in the diagram (x) discussed in (i) and (ii), we see (x)
commutes iff. 75'7f € W. In other words,

(F x K)(toxe)(Hn,qS) and (F x K)(txe)(H,,,¢) are conjugate in (F N T)x K
= ;UfeW < tetzW(FNT).

Of course, this is nothing but Sublemma 1. Now we are ready to prove a
preliminary result toward Lemma 3.3:
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—AN
b

Sublemma 2. In A(F, K)p

Resp[(Fy x K)/(Hn, $)l=m- > [(FxK)/(Hy, o],
(Hy,$1)ELCH
where ¢, = ¢ | H Z s the set of the representatives (H, ¢) of the F x K
conjugacy classes of this form of subgroups in F x K satisfying ng_(H) =11,
and & is a subset in # .

We begin by recalling that elements of the form (¢ x e)(H,, ¢) form the
set of representatives of K-orbits of such elements in (F, x K)/ (H,, ¢) (see
the beginning of this proof). Therefore, when (F, x K)/(H,, ¢) is regarded as
a compact F x K-ENR, the subset consisting of those points, whose isotropy

-1 -1
subgroups are conjugate to (F n H,’,0 , - c,0> such that ng_(F N H,',° y=1II,
is given by

(Fpx K)/(Hy, ¢) 1
(FNHY |, ¢+cq)

= (W (FNT)xK)(Hy, ¢)/ (Hn, ) (C (Fu x K)/(Hn, ¢))
(.- Sublemma 1)
= (oW (FNT)H,) xK)/(Hy, ¢) (S (Fp x K)/(Hy, 9)) »

as an F x K-space.
To apply Theorem 1.2, we notice that, for any ¢t € t(¢cW (FNT),

FtH,=(FnT) (F N H,g") tH,
=(FNTt(F'nHy,)H, =t(FNT)H,.
Using this, we get

(FxK)\[(F,,xK)/(H,,,qS) o~ l
(FAH? . ¢+cy))

= (Fx K\ (W (FNT)Hy) x K)/ (Hp, ¢)
> F\ (oW (F N T) Hy) /H,
> gW((FNT)H,)/(FNnT)H, (.- above remark)

—= W(FENTD H)/(FOT)Hy (S Faf (FOT) Hy).
0
Notice that this is a finite set, as F, is a finite group. So, let us denote the order
of this finite set by m. At this stage, it is not clear that m is a p-power, as W
is not necessarily a subgroup (whereas (F N T) H, is a subgroup) of a p-group
F,. But m is clearly independent of any particular choice of ¢y, and Theorem
1.2 implies Sublemma 2.
Finally, we can complete the proof of Lemma 3.3 by showing

Sublemma 3. In Sublemma 2, m is a p-power. m = p', for some nonnegative
integer .

We first remark that Sublemma 3 holds for the case of the nonrelative situa-
tion, i.e. when K = {e}. This is because, in this case, W = Nr-(H,) and

m = | Np«(H,) (FNT)Hy/ (FNT)Hy|,
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which is of p-power order as Ny-(H,) (F N T) H, is a subgroup of the p-group
Fno
The reduction of the general relative case to this nonrelative case is given by
the following commutative diagram:

F

A(F,, K) -2, A(F, K)

! !

Fp
AF) 22 A,

where the vertical maps are given by
[X]~ [X/K]=[X xk K] = u([X], [K])

(recall that the well-definedness of u was given in Theorem 2.3).

Suppose [(F x K)/(H;, ¢;)] shows up in Resf" (Fp x K)/(H,, ¢)] with mul-
tiplicity m, as above. Then [F/H,] also shows up in Resﬁ"[F,, /H,], with
some p-power multiplicity (say p’), as was shown above. Now, let m’ be
the number of those basis elements in A(F, K), which shows up in the basis
expansion (in the sense of Theorem 1.2) of Resf,"[(F,, x K)/(Hy, ¢)] and is
sent to [F/H;] by the right-side vertical map. Then the commutativity of this
diagram, applied to the element [(F, x K)/(H,, ¢)] € A(F,, K), reveals, by
counting the coefficient of [F/H;] € A(F) in two different ways,

m-m' = ph.

From this, we immediately see m divides p%, and so we can write m = p'
for some nonnegative integer /. This implies Sublemma 3, and thus the proof
of Lemma 3.3 is finished. O

Definition 3.4.

(1) Under the situation of Lemma 3.3, the element [(F, x K)/(H,, ¢)] is
called of type (I, %) in F. If &£ =@, itiscalled of type @ in F.

(2) For each type (/,.Z), define the element ¢ &) by

ew.zy=p'- Y IFxK)/H,e)leAF, K),.
(H,p)eLCH

(3) Let  denote the set of types (k,.#) in F, with nonempty .&¥ C 7,
s.t. ey, ) is the image of some basis element [(F, x K)/(Hy, ¢x)] € A(Fy, K)
for infinitely many n’s.

(4) Define S to be the Z)-submodule of A(F, K );\
ey, ) suchthat (I, ) e 7.

(5) Let (I,.%) be an element in .. Suppose

, generated by those

J
e, =p") eu, %)
i=1
I’ is a nonnegative integer (resp. positive

where €, ¢ € F for 1 i<,
=1). Then (/,.%) is said to be decomposable.

integer), and j = 2 (resp. j
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Otherwise, it is said to be indecomposable, and the set of indecomposable types
is denoted by 7. Of course, S is actually generated by those e &) such that

(1, L eT.
We are now going to prove the following main result of Step (II):

Proposition 3.5. In A(F, K), ,

Im lim A(F,, K); €S € (Im4/(Fa, K))").

Consequently,

. —_—N
(Im A /(Fo, K)): =1Im lim A(F,, K), S 4(F, K),.
Proof of Proposition 3.5. We will show the two inclusion relations separately:
Proof of Im !in A(F,, K)p €S.
We only have to show, for any natural number k,

Im lim A(F,, K); SImS (S A(F, K)/p*A(F, K)),

where two Im’s here stand for the images in A(F, K)/p*A(F , K). Notice that,
for each type (/,.2°) ¢ J , there is some natural number Ny such that ¢; )
is never in the image of any basis element [(F, x K)/(H,, ¢n)] € A(F,, K) for
any n = Ny. Now the point is that there are only finitely many of those types
(I,£) ¢ I such that [ < k (of course, it is the condition / < k, not the
property ¢ 7 , which gives the finiteness property). Therefore, there is some
natural number N such that, for any » = N, the image of any basis element
(F, x K)/(Hy, ¢n)] € A(F,, K) in A(F, K)/p*A(F, K) is either 0 or an
element of the form e, &, with (/,.#) € & and [/ < k. This immediately
implies the desired inclusion relationship.

Proof of S C (ImAs(Fy, K));. We fix a basis element ¢; &) € S with

(I, L ed.
We first note that there are only finitely many ways such that ¢; ) can be
expressed as

J
(&) el =0 Ze(l,,.%?)
i=1

with % # @. This is because /; £/ and £ C.% forany 1 <i< ).

Suppose [(F, x K)/(H,, )] is of this fixed type (/,.%) in F, and sup-
pose F,, is a subgroup of F,, containing F. Then, by Lemma 3.3, we get an
expression of the form

j/
. S - A
() Resg [(Fy x K)/(Hn, ¢n)] = 0" Y [(Fn x K)/(Hp, $1n)]1 € A(Fin, K),.
i=1
Without loss of generality, we may assume, for some j with 1 £ j < j,
[(Fm x K)/(Hy, , 1)1 is of type (I, %) with & # & for 1S 1<), and, if
j<j, oftype @ for j+1 < i< j'. Then we come up with the expression

(®).
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We now claim that there exists sufficiently large N such that, for any n 2
m 2 N, the only expression (#) we get by the procedure (Q) is the trivial
one: I’=0and j=1, ie.

€,z = €u,2)-

Suppose this is not the case. Then there is at least one nontrivial way of ex-
pressing

J

eu,z =" ) e,z

i=1
which is produced by (¥) for infinitely many pairs » > m with m arbitrary
large (recall that there are only finitely many ways of such an expression as (#) ).
This implies that these e, ») come from A(F,,, K) for infinitely many m’s,
and so (/;, £) € . Of course, this would imply that (/, %) is decomposable,

ie. (/,2) ¢ 9, which is a contradiction.

We now set, for each n, C, S C/(F,, K) to be the set of those ((H,, ¢)) €
C/(F,, K) such that [(F, x K)/(H,, ¢)] is of type (/,.%) in F. Then the
above claim indicates that {C,},>n is an inverse system by the correspondence

Cn — Cn
((Hp, ¢n) = (Hm, ¢m)),

where
Res? [(Fy x K)/(Hp, $n)] = [(Fn X K)/(Hm » $m)]

p
(+ S [(Fm x K)/(HE, ¢£,,>1) € A, K.

i=2

Here (H,, ¢nm) is of the type (/,.%) in F, and in the second summation,
which might not show up, every term (H},, ¢},) (2<i<j') is of type @. In
particular, this shows each C, (n 2 N) is a nonempty (finite) set. Thus, as
{Cnr}.>n is seen to be an inverse system of nonempty finite sets,

!iﬂl C, # 2.
n>N

Therefore, after applying appropriate conjugations, we can find a system of type
(I, ) subgroups {(H,, #»)}a>n such that

(Hn,¢n)CFnXK,
Hn+lnFn=Hn,
Pn+1 |Hn = ¢n

for all n > N. Now, just set

Hoo=JHn, ¢oo=|J#n(50 doo |, = 6n).

Then, from Proposition 3.1(1) and Lemma 3.2(1), we get immediately

(1im Res) ([(Foo x K)/(Hoo » $o0)] = €..2) € A, K.
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Since e, &) is a basis element of S, this completes the proof. O

Step (III): Representation Theory. Subgroups of F,, are studied by the integral
representation theory, through the Pontryagin duality. This was first observed
by Feshbach [F2]. We now recall the elementary property of the Pontryagin
duality.

(1) For a locally compact Lie group G, the Pontryagin dual G* is defined
by

G* = Homcontinuous(G Sl)-

(2) G** =G.

(3) For each closed subgroup H C G, define H, as a subgroup of G*
consisting of those ¢: G — S! with ¢(H) = 1.

(4) H, =2 (G/H)* and H,, = H.

(5) T*, the Pontryagin dual of the torus 7 with Il-action, is a finitely
generated ZII-module.

(6) Let T2 be the subgroup consisting of elements of p-power order in the
torus 7 with Il-action, as usual. Then T2 , the Pontryagin dual of T, with
I1-action, is the p-completion of T*.

Now the representation theory we need is the following:

Lemma 3.6. (1) Let H, be a finitely generated Z,Il-submodule of T% , such
that H,®Q), is isomorphic to the p-completion of a QII-module. Then for every
n there is an automorphism o, of T} , inducing the identity on T} [p"-T%, ,
such that a,(H,) is the p-completion of a ZIl-submodule K of T*.

(2) Let F be a finite group and let S and T be finitely generated ZF-modules
which are free over Z. Then

Homgzr (S, T) — Homgzyr(Sy, T,')

has a dense image.

Proof. (1) was essentially used in [F2], but was singled out explicitly in [B].
(2) is proved in 2-e of [R]. Of course, the general reference of these results is
[CR]. O

This is used in the following:

Proposition 3.7. Suppose that all the irreducible QI1'-summands in the IT'-action
on T* ® Q remain irreducible after the p-adic completion for any subgroup
Il C I1. Then for any [(FooxK)/(Hs , $0)] € Af(FooxK) and n € N such that
np(H,) = np(Hy) S I1, there is a closed subgroup H C P and a continuous
homomorphism v . H — K such that

(ggn Resﬁ:) ([(Foo X K)/(Hoo , $o0)]) = Res, ([(P x K)/(H , y)])

m

€ A(Fy, K).
Proof. Let P' = PNnp' (np(Hx)) and Fj = F,Nnp' (np (Hs)) for any n.
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Then we have the following commutative diagram:

lim,, Res?, limy, Res!
AP, K) — “ lian A(F),K) — “» A(F), K)
Ind?, l Eian Indiz l lndﬁz l

limy, Res, limy, Res{
AP, K) — !ian A(F,, K) — A(F,, K).

Notice that

(}iﬂ Indfz) ([(Foo x K)/(Hoo , $s0)]) = [(Foo % K)/(Hoo » $o0)].

m

Therefore, the commutativity of the diagram implies that it suffices to find a
closed subgroup H € P’ and a continuous homomorphism y : H — K s.t.

(@Resi;%) ([(FLy x K)/(Heo $c0)]) = Reshy (P' x K) /(H, v)

m

€ A(F., K).

For this, we apply two claims of Lemma 3.6 in two steps: (i) Find an automor-
phism a of F, =,y F, fixing F, such that a(H,) = HNF,, for for some
closed subgroup H C P’; (ii) Find a continuous homomorphism y : H —» K

such that ¥ |a( H,)= Poo * a~! |a( u,) for some sufficiently large m so that

(giLn Resi:}) (IF% % K)/ (o (Heo) » b0 - 71)1)

m
=Resp, (P'xK) /(H, v)) € A(F;, K).
These would prove the claim by Proposition-3.1(2) and the following commu-
tative diagram:
lim,, Res? I, .
AP, K) ———5 !ianA(F,;,, K) —=— !ian A(F,,, K)
“ li:n,,, Resin’:" Jv lil_n,,, Res;':" l

!
Res?,

AP K) — A(F,,K) —— A(F,,K),
where

o (I(F % K)/ (@ (Hoo) » o0 @71)1) = (I(Flo % K)/(Hoo » $)]) -

For (i), it suffices to find a IT ot np(Hs) (S Il)-invariant closed subgroup

A such that 5
T —— Too

g ]

Ae—— ANT, % HonT
=
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commutes for some automorphism « of F.,, fixing F,. This is because H
is taken to be the closed subgroup of P’, generated by 4 and «(H,). Now,
through the Pontryagin duality, this is equivalent to the commutativity of the
following diagram:

* C *
T —— T

d ‘|
A —— Ay = (Hon D).,

where a, is a Z{,‘H'-automorphism of T} , inducing an identity on T2 /p” -
TZ% , To find such a submodule A4, and an automorphism «., it suffices to
show (H,NT).®Q is the p-completion of a QIT'-module, thanks to Lemma
3.6(1). In this situation we can write 7 ® Q = @, V; for some irreducible
QIT-modules V;’s. But each V,{,\ is still an irreducible Q,IT'-module by the
assumption. Therefore (HoNT).®Q, whichisa QII'-submodule of T QQ =
D, V,-,’,\ , 1s isomorphic to a finite combination of the irreducible summands
Vi!’,‘ ’s. As each Viﬁ is the p-completion of V;, this immediately implies that
(HoNT). ®Q is the p-completion of a QIT'-submodule, as desired.

For (ii), we first notice that the above H and a(H,) are a p-toral and its
dense locally p-subgroup. Therefore, we may apply the following Lemma 3.8

to obtain the isomorphism A (F,,, a(Hu)) = A(F,,, H) for any m. These
isomorphisms are combined to give an isomorphism lim . A(F,,, a(Hy)) 3
lim A(F,,, H), so we can talk about the element

— m

[FL, x a(Ho)/(a(Hoo) , identity)] € lim A (Fy,, & (Hx))

m

(see Proposition 3.1(1)) and the isomorphism
(b @) ([FL x a(Hx) /(a(Hx) , identity)])
= [(F& x K)/ (a(Hoo) , b - a™")].

For this important element, we also get a finite expansion

(m Resié’) ([Fi x a(Hx)/(a(Hs) , identity)])

" - Zn,» [F,: x a(Hoo)/ (F,; Na(Hy)" | cfl—u)] :

where n; € N and f; € F/,. Then, these two equalities and the commutativity
of the diagram

ca”! .
lim A (F;,, a(Hx)) == lim A(F,,, K)

. F) . E)
limp, ResF’," lim,, ResF',"
— n — n

'a_l
A(F),a(Hy) 2=  A(F],K)
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immediately imply

(@Resiﬁ’) ([F' x K/(a(Hx), ¢oo * a'l)])
_Zn, [F’xK/ F’ﬂa y Do r T j;_—l)] € A(F'n, K).

Here ¢oo-a~!-c -1 factors through as

€t - !
FlNa(He) o F7 na(Hy) 222 K.

But, as there are only ﬁmtely many these f;’s of F. , there is some sufficiently
large m € N s.t. F,{f C F,, forall i. Thus,

Fi7™ N a(Heo) © Fiy N e (Hoo) = a(Fp) Nt (Hoo) = a(Hi)
for all these f;’s. Therefore, these indicate the following: As far as ¢o. - !
concerns,

(!iLn Resf;j> ([p' x K /(0(Hoo) , oo - O~ ))eA(F,;,K)

m

depends only upon ¢, - a~! |a( H,) -
Now, by Lemma 3.6 (2) and the Pontryagin duality argument as in (i), we
can find a continuous homomorphism y : H — K such that !a(Hm)= oo *

a~! |a( Hy - Of course, the above argument implies

(@Resﬁj) ([Fo’o x K /(e(Hoo) » $oo .a—l)])

m

= (M Resg’) ([Fo'o x K/(a(He), ¥ |a(H°°))]) € A(F,, K).

m

On the other hand, Proposition 3.1(2) implies

[FI XK/ WIQ(H ]— hm ResF’ ([(PIXK)/(Ha W)])'

Now the claim (ii) follows immediately, and thus we have finished the proof of
Proposition 3.7. O

In the course of the above proof, we used the following:

Lemma 3.8. Let F be a finite p-group and let Q be a p-toral which is built by
the extension

1T —-0—-Q—1,
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where T is a torus and the connected component of Q and Q is a p-group.

Suppose Qs def. U, Qn is a dense locally p-subgroup of Q such that
] —— T 0 Q 1
gl gl |
1 —— T ® 0N T = (2/p>) Oso Q 1
dl o] H
1 — o.NT = (Z/p") Qn —— Q 1,

where r is the rank of T, and so the left-upper map (Z/p>®)" — T is the
inclusion of the subset consisting of all p-power order elements.
Then the canonical map
A(F, Qo) € lim A(F, Q) — A(F, Q)
n

is an isomorphism.

Proof. We begin by showing the surjectivity of this map. Notice that any basis
element of A(F, Q) is of the form [F x Q/(H, ¢)]. As ¢(H) is a finite p-
group of @, we can find another dense locally p-subgroup Q! such that
¢(H) c Q... But Q. is conjugate to Q. in Q [F2]. So the surjectivity
follows.

To prove the injectivity, it suffices to show any two p-subgroups of Q. ,
which are conjugate in Q (then automatically they are conjugate in T ), are
conjugate in Q.. For this, let us suppose S is a p-group such that both S and
St are subgroups of Q.,, where t € T. Then, as S! C O,

1000 € (Q/ Q)%

Also, as S C Q,, the Key Lemma implies

(Q/Qoo)s = (T/Too)s >
where (Q/Qs)S is taken with respect to the standard left S-multiplication
on Q/Q., and (T/T,)S is taken with respect to the conjugate S-action on

T/Ts. The reason we prefer (7/T)5 to (Q/Qw)° is the accessibility of the
connecting homomorphism

§:(T/Tw)® — H'(S, Tw),

which we claim to be trivial. This is follows from the following: (i) (7/Tw)S
is a Z[},]-module; (i1) H'(S, Ts) is |S|-torsion. So the composite
1Qn0 € (Q/Qu0)® = (T/Toc)® <= H'(S, Tic)
is trivial. Therefore, the cocycle
0(tQsx0) 1 s — t71(50), sES,
is expressed as a principal crossed homomorphism
s—u"(u), sES,
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for some u € T,,. In particular, this implies S = S%. Thus, S and S’ are
conjugate by an element u € T, C O, as was desired. O

Now we are finally ready to prove our main theorem:
Theorem 3.9. Let L and K be compact Lie groups, then
al/)\ : A(L$ K);)\ - {BL+ > BK+};/J\ s

is dense with respect to the skeletal filtration of the target, if L satisfies the
assumption of the Feshbach density theorem, i.e. if either one of the following
two conditions holds: .

(1) p is odd.

(2) p=2and p:11 - Gl(n, Z), given by the action of a 2-Sylow subgroup
IT of the Weyl group on the maximal torus, does not originate at a generalized
quaternion group of order 2", n > 4. Or if all the irreducible QIT'-summands
in the II'-action on T* ® Q remain irreducible after the 2-adic completion for
any 2-subgroup II' C W. In particular, this condition holds if n < 8 or if no
subquotient of W is isomorphic to the quaternion group of order 16. Here Il is
the 2-Sylow subgroup of the Weyl group of L and T is a maximal torus of L.
Proof. As was noted in the introduction, the problem is reduced to the density
problem of the map

lim Res;, : A(P, K), — lim A(F,, K)j.
n n

But, this is an immediate consequence of Step (I), Step (II), and Step (III)
(Proposition 3.7). (See the beginning of §3.) O
Corollary 3.10. If L is a central extension of a finite group by a torus:
0-T—->L-—-G-1,
then the homomorphism
a, : A(L, K)7\1y — {BL,, BK,}
is injective and has a dense image.

Proof. As usual, we may reduce to the local situation. Then the density part
follows from Theorem 3.9. To prove the injectivity, let P C L be a finite index
subgroup corresponding to a p-Sylow subgroup of G. We only have to show
the injectivity of

lim Rest, : A(P, K), — lim A(F,, K)}.

n n

Now the point is U O T if (U, y) € C/(P, K). This is because the G-
action on T is trivial. From this, we immediately see

Res, ([(P x K)/(U, ) = [(Fx x K)/(UN Fy, ¢ |y )]

(Of course, n is sufficiently large so that F, surjects onto a p-Sylow subgroup
of G.) Now the injectivity follows quite easily. O

~ Corollary 3.11.

A(L)pp) — ®3(BLy)  is an isomorphism
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< L is a central extension of a finite group G by a torus:

0-T—-L—->G—1. O

Proof. = was shown in [M1]. < follows from Corollary 3.10 and the fact
that A(L) is finitely generated. O

Remark 3.12. This result was announced in the introduction of [M1].

APPENDIX

In this appendix, we will prove a couple of (not surprising) claims stated (and
used) in the introduction.

Let P and K be maximal p-toriof L and H, respectively, andlet I(P, K)
be the kernel of Resfe} : AP, K) - A({e}, K) = Z. Furthermore, let F;’s
be increasing finite p-subgroups of P, such that |J;F; C P is dense (see
Reduction in §0 and [F2], [M1], [N]). Then, consider the following various
density properties:

(1) Density of A(L, H) — }iﬂln{BLSr"), BH. }}inite »

(2,) Density of A(L, H) — giLnn{BLg"), BH.}),
(3,) Density of A(P, K)— @n{spy’), BK.}),
(4,) Density of I(P, K) — !iLnn{BP(”) , BK.},,
(55) Density of I(P, K) — lim {BF;, BK.}},

(6,) Density of A(P, K) — !iLni{BF,-+ , BK,},,

(7,) Density of A(P, K) — !iLn,A(BFi’ BK), .

Here all the maps are canonical ones induced by a, X stands for the n-
skeleton of X, and the topology of the target is the inverse limit topology of
the profinite topology (resp. p-adic topology) on the relevant {—, —} groups
in (1) (resp. (2,) — (7p) ). Now, we are going to show

Local-Global. (2,) forany p = (1).
Reduction. (7,) = (2,).
Of course, Theorem 3.9 claims ( 7, ) for any odd prime p.

Proof of Local-Global. This is standard. Given a natural number N, write
N =[],y p*»'™). Then consider the commutative diagram

{BL!", BH,}
N{BL", BH.}

l\ ! "]

{BLY", BH,}
p»M{BLY, BH.}’
where 7, is the canonical projection, and the middle vertical map exists because
(BL™, BH.} is finitely generated. Let x € {BL\", BH,}/N{BL{’, BH.}
be an element which comes from liiln{BLﬂr”) , BH.}};,,.» and let x, be

AL, H) —— lim (BLY, BH.}},,,

A(L, H) —— lim {BL\", BH,})
—n + p
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its image in {BLE[') , BH,} /p"p(N){BLSL”) , BH.}. Then, by (2,), there is some
a, € A(L, H) which goes to x,. To slightly modify a,, choose some integer
Ny st. Np =1 (mod p»™), N, =0 (mod [],, ¢*™). Thenset a, = Nya,.
Notice that a, also goes to x, just like a,, but its real advantage is that it
goes to 0 under the composite

AL, H) — {BL\", BH,}/N{BL" , BH,}
% (BLY, BH,}/q""™){BL", BH,}

for any g # p. Finally, set a = szN a, € A(L, H). Clearly, a goesto x, for
[I, v @y is an isomorphism. O

Proof of reduction. We are going to show (7,) <= (6,) <= (5,) <
(4p) = (3p) = (2p).
(7,) <= (6,) This follows from the topological isomorphism
A(BE ’ BK)I/)\ - {BE+ ) BK+}1/J\ ’
proved in [MSZ].

(6p) <= (5,) Thisis because A(P, K) — liLn,.{BFH , BK,}, isthe direct

sum of I(P, K) — lim {BP™, BK,}) and the canonical map
“—n
2= A({e}, K) — {S°, BK,}} > Z).

(5p) < (4,) For any spectrum E, we follow [Bo] to define its p-adic com-
pletion E; to be the function spectrum F(X~!'M(Z/p>®), E), where M(A) is
the Moore spectrum of an abelian group 4 s.t. mo(M(A4))=A4, n;(M(A)=0
if i # 0. Suppose =;E is finitely generated for any i, then 7.(E) = (n,E))

(Proposition 2.5 [Bo]). Notice that the p-adic topology of the right-hand side is
induced from the filtration associated with the expression holim,, Z~!M(Z/p™)

=X"'M(Z/p>) of the left-hand side. ‘
Consider a spectrum X = holim, X, with each X, a finite spectrum. We

equip (E)?(X) with the induced topology with respect to the canonical isomor-
phism (E})9(X) = lim (Ep)?(Xn). Thus, using Proposition 2.5 [Bo] again, we
n
have a topological isomorphism (E)?(X) = lim E?(X,),. In particular, for
n
X = BP and X, = BP"™, we have

(E;)*(BP) = lim EY(BP™);.
n

But, as the canonical map BF., & holim, BF\"” — holim, BP™ = BP in-
duces an isomorphism of mod-p homology, we have the following sequence of
topological isomorphisms:
(Ep)*(BP) = (Ep)*(BF.) = lim(Ep)?(BF\")
n
= lim(E7)?(BF,") = lim lim(E}))* (BF,")
i,n i n
= limlim E4(BF™) = lim E%(BF;),
—— —
1 n

!
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where the topology of E9(BF;) is the skeletal topology, and the fifth equality
follows from the fact that the image of E? (BE(”)) — E4 (BF,.("‘”) is a finite
p-group. Now, we specialize ourselves to the case £ = £X*BK, and g = 0.
Then the main theorem of [MSZ] implies that {BF;, BK,} is topologically
isomorphic to the p-adic completion of the finitely generated free abelian group
I(F;, K). In summary, we have the topological isomorphisms

n i

which clearly imply (5,) <= (4,). (Compare with [F2].)

(4p) < (3,) This is the same as (6,) < (5p).

(3,) = (2,) Given a compact Lie group G, and its closed subgroups
H, and H,, we set ¢(H,, G): BH,, — BG, and 1(H,,G): BGy — BH,,
to be the induced map of the inclusion H; C G and the stable transfer map
associated with the fiber bundle BH, — BG, respectively. Furthermore, let
[#,Gn,] € A(H,, H,) be an element, which is represented by G considered as
a compact H; x H, manifold with respect to the left (free) H, and the right
H, actions given by the multiplication of G.

With these notations, Theorem 2.2 and Corollary 2.3 imply the following
diagram commutes:

AL, H) L TN A(P, K) N A(L, H)

l ! l

. i . [} .
lim{BLY", BH.}, —— lim{BP{", BK,}) —— Lm{BL{", BH.};

n n n

im{BL{") , BH,p} —'— lim{BP{") , BK.}} —— Lim{BL\",, BH,}},
n

n n

where

ki =Z([pLL] ® — ® [nHk]), ky=%([LLp]® — ®[kHH]),
iy =1(K,H)o—0&P, L), hb=8K,H)o—ot(P,L).

But both the composites

&P, L)t(P, L): BLI" — BP" — BL\",
&K, H)t(K, H): BH, — BK, — BH,,

induce isomorphisms of the mod- p homology, since both x(L/P) and x(H/K)
are finite and relatively prime to p. This immediately implies that the composite
;0 l; is an isomorphism. Now, (3,) = (2,) follows immediately by the
diagram chase in the above commutative diagram. This completes the proof of
Reduction. O
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